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The sets Φ(Fµν),Φ(F˜µν) of linear functionals on the space 〈F,+, ·〉 represent themself linear space
〈Φ,+, ·〉 over the field of scalars P , which is dual to space 〈F,+, ·〉, but it is substantial, that given
linear space is not self-dual. It has been found, that the partition of linear space 〈F,+, ·〉 over the
field of genuine scalars and pseudoscalars, the vectors in which are sets of contravariant and covariant
electromagnetic field tensors and pseudotensors {Fµν},
n
F˜µν
o
, {Fµν},
n
F˜µν
o
, on 4 subspaces takes
place. It corresponds to appearance of 4 kinds of electromagnetic field potential 4-vectors Aµ, which
are transformed according to the representations of general Lorentz group with various symmetry
relatively improper rotations. It has been found, that conserving quantity, corresponding to complex
fields is complex charge. It is argued, that electromagnetic field in the matter is complex field and
that two-parametric group Γ(α, β) = U1(α) ⊗R(β), where R(β) is abelian multiplicative group of
real numbers (excluding zero), determines the gauge symmetry of electromagnetic field. It is also
argued, that free electromagnetic field is characterized by pure imagine charge.
PACS numbers: 78.20.Bh, 75.10.Pq, 11.30.-j, 42.50.Ct, 76.50.+g
I. INTRODUCTION AND BACKGROUND
The operator equation, describing the optical tran-
sition dynamics, has recently been obtained by using
of transition operator method [1]. It has been shown,
that given equation is operator equivalent to Landau-
Lifshitz (L-L) equation [2] in its difference-differential
form, which takes usual differential form in continuum
limit. In view of isomorphism of algebras of transition
operators ~ˆσk and components of the spin S = 1/2, the
symmetry of Bloch vector ~P in optical Bloch equations
relatively improper rotations and the physical meaning of
all its components have been established. Let remember,
that optical Bloch equations are the essence of gyroscopic
model for spectroscopic transitions proposed for the first
time formally [3] by F.Bloch. So, it was concluded in
[1], that Bloch vector is electric dipole moment, in par-
ticular, electric spin moment. It has to be identical in
its symmetry properties relatively improper rotations to
vector of spin moment, that is, it is axial vector. The
nature of the second vector, that is, ~E, entering opti-
cal Bloch equations, has also been clarified. It is electric
field vector. The mathematical structure of L-L equa-
tion allowed to establish unambiguously the symmetry
of electric field vector relatively improper rotations to
be also axial vector. Given conclusion and the model
used at all were experimentally confirmed in [4], [5] by
means of observation of ferroelectric [4] and antiferroelec-
tric [5] spin wave resonances, which were predicted on the
base of the model [1] for the chain of electrical spin mo-
ments, interacting between themselves by a mechanism
like to Heisenberg exchange. Especially interesting, that
in [5] was experimentally proved, that really pure imag-
ine electrical spin moment, in full correspondence with
Dirac prediction [6], is responsible for the phenomenon
observed. Electric dipole moment seems to be including
in general case along with a spin part an orbital part,
which is, evidently, a real-valued quantity.
Although the conclusion on unusual symmetry prop-
erties of electrical characteristics of electromagnetic field
(EM-field), based on the comparison of the theory of
spectroscopic transitions, proposed in [1], with the ex-
perimental data above indicated, was done, the cause of
given phenomenon cannot be explained in the frames of
the only spectroscopic transitions’ theory. Really, it has
to be explained in fact the phenomenon of dual symmetry
of EM-field vectors, that is, the appearance of axial prop-
erties of electrical vectors by spectroscopic transitions,
while, for instance, electric charge transport properties
can be well described in the suggestion, that electric field
vector is polar vector. Consequently, additional general
considerations of the symmetry properties of EM-field
characteristics and field theory consideration at all are
needed. The known field theory consideration allows to
explain the only one possibility: 4-vector of EM-potential
has to be polar and t-even 4-vector [7]. It means, that
electric field vector has to be, according to given possibil-
ity, the only polar vector and magnetic field vector has to
be the only axial vector. So, the first task of presented
paper is to study the symmetry properties of EM-field
characteristics relatively improper rotations in more de-
tails.
The second task follows from the comparison of exper-
imental results, reported in [8], [9] and [4]. Carbynoid
samples, studied in given works, were active both in
magnetic resonance and optical infrarot (IR) and Raman
scattering (RS) spectroscopy. Carbynoid samples, rep-
resenting themselves the systems of carbon chains, can
be considered to be the most simple modelling systems
for verification of theoretically predicted effects for qua-
sionedimensional structures. Among the samples studied
were the samples (designated samples A in [4]), in which
the ferromagnetic and ferroelectric spin wave resonances
(FMSWR and FESWR) were observed on the same chain
structures. Both the resonances can be described by in
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2fact the same equation, obtained in [1] and modified by
taking into consideration the relaxation processes [4]. So,
for description of optical transition dynamics the equa-
tion is:
∂~S(z)
∂t
=
[
~S(z)× γE ~E
]
− 4a
2JE
~2
[
~S(z)×∇2~S(z)
]
+
~S(z)− ~S0(z)
τ
,
(1)
where ~S(z) is electric analogue of spin magnetic mo-
ment, γE , JE are optical analogues of gyromagnetic ra-
tio and exchange interaction constant respectively, ~ is
Planck’s constant, a is lattice spacing, ~E is electric field,
~S0(z) is equilibrium value of electrical spin moment vec-
tor function, τ is relaxation time. Vector-functions ~S(z)
~S0(z) acquire in the case of FMSWR the meaning of
magnetic spin moment vector-functions, E1 is replaced
in FMSWR-case by H1, that is, by amplitude of mag-
netic component of external oscillating EM-field, JE is
replaced by the exchange interaction constant JH , γE by
γH . Futher, the linearized equation in [4] is considered.
It was obtained under the assumption, that the values
of oscillating external electric field components Ex, Ey
in (1) are in experiment greatly less in comparison with
the value of intracrystalline electric field component Ez,
under analogous assumption relatively the components
of total electrical spin moment and under additional as-
sumption, that equilibrium distribution of ~S0(z) along
the chain is homogeneous. All the assumptions are en-
tirely correct for IR measurements. The linearized equa-
tion was solved and the relationships for a shape and
amplitudes of resonance modes and dispersion law were
obtained. They are:
an =
{
− iγESτ2E1pin
[(ωn−ω)− iτ ]
[1+(ωn−ω)2τ2] , n = 1, 3, 5, ...
0, n = 2, 4, 6, ...,
(2)
νn = ν0 −An2, (3)
where n ∈ N including zero, νn is a frequency of n-th
mode, A is a material parameter (A = 2pia
2S|J|
~L2 n
2 > 0).
Here Rean is proportional to absorption signal, Iman is
proportional to dispersion signal. It was found the fol-
lowig. 1) Dispersion law (3) is held true both by IR- and
RS-detection of FESWR. 2) The excitation of the only
uneven modes in accordance with (2) takes place. 3) In-
versely proportional dependence at resonance of the am-
plitudes of modes on mode number n in accordance with
(2) is also held true, however the only by IR-detection
of FESWR (that is, for the experimental conditions, cor-
responding to applicability of linearized equation). 4)
Splitting of Raman active vibration modes is character-
ized by value of parameter A, being approximately by
factor 2 greater, than parameter A, which characterizes
IR FESWR spectra (by the frequencies of zero modes
reduced by means of linear approximation procedure to
the same value). The fourth result agrees well with the
results, reported in [1], where the FESWR phenomenon
was theoretically described and differences of IR FESWR
and RS FESWR spectra were predicted. To obtain the
ratio JE/JH of exchange constants the values of splitting
parameter AH of FMSWR in A-sample reported earlier
in [8], [9] were used. The range of given ratio is 12170
- 15696. To explain in a simple way the appearance
of two exchange constants, which differ from each other
more than 4 order for the same chain structures, it was
suggested, that EM-field in the matter has the complex
charge and consists of elecric and magnetic components,
which are real and imagine parts correspondingly. It is
well known at the same time the point of view, that EM-
field is vector real field, that is, it cannot be characterized
by any charges at all.
So, the aim of presented paper is to study the sym-
metry properties of EM-field characteristics relatively
improper rotations in more details and the field the-
ory study of the possibility for the existence of complex
charge.
II. ALGEBRAIC PROPERTIES OF EM-FIELD
Let us consider the general algebraic properties of EM-
field to clarify the symmetry properties first of all of the
quantities ~P , ~E, entering optical Bloch equations and,
consequently, to better understand their physical mean-
ing. It is well known, that EM-field can be characterized
by both contravariant tensor Fµν (or covariant Fµν) and
contravariant pseudotensor F˜µν , which is dual to Fµν (or
covariant F˜µν , which is dual to Fµν). For example, F˜µν
is determined by the relation F˜µν = 12e
µναβFαβ , where
eµναβ is Levi-Chivita 4-tensor. The usage of field tensors
and pseudotensors seems to be equally possible by de-
scription of EM-field and EM-field interaction with the
matter. So, EM-field pseudotensor can be used to obtain,
for instance, the field invariants [10], [11]. The sugges-
tion on equality in rights of EM-field tensor and EM-field
pseudotensor by description of electromagnetic phenom-
ena follows from general consideration of the geometry
of Minkowski space. Really the geometry of any pseudo-
Euclidean abstract space of index 1, to which Minkowski
space is isomorphic [12], determines unambiguously 3
kinds, possessing equal rights, of linear centereuclidian
geometrical objects, that is tensors, pseudotensors and
spinors (spin-tensors). Further, in the practice of treat-
ment of experimental results is usally accepted, that elec-
tric field strength, electric dipole moment and electric
polarization vectors are polar vectors. At the same time
magnetic field strength, magnetic dipole moment and
magnetization vectors are considered always to be ax-
ial vectors. However for the effects, describing optical
spectroscopic transitions the picture seems to be reverse.
It follows directly from the structure of algebraic linear
(vector) space, which produce EM-field tensors {Fµν(x)}
3and pseudotensors
{
F˜µν(x)
}
, if they are considered to
be tensor functions of 4-radius-vector x. We keep further
formally for the vectors ~E and ~H usual physical meaning
of electric field strength and magnetic field strength. At
the same time we suggest, that their symmetry can be
both polar and axial, in particular, ~H can be polar and
vector ~E can be axial. The ground for given idea can be
obtained from algebra of linear centereuclidian geomet-
rical objects, that is, in fact from geometry of Minkowsi
space.
Let us define the linear space 〈F,+, ·〉 over the field of
genuine scalars P, the vectors in which are sets of con-
travariant and covariant EM-field tensors and pseudoten-
sors {Fµν},
{
F˜µν
}
, {Fµν},
{
F˜µν
}
. It is evident that all
the axioms of linear space hold true, that is, if F1µν and
F2
µν ∈ F , then
F1
µν + F2µν = F3µν ∈ F, (4)
and, if Fµν ∈ F , then
α Fµν ∈ F (5)
for ∀α ∈ P . Let us define now the linear algebra F by
means of assignment in vector space 〈F,+, ·〉 of transfer
operation (∗) to dual tensor, using the convolution with
Levi-Chivita 4-tensor eαβµν . It is also evident, that in
algebra 〈F,+, ·, ∗〉 the axioms of linear algebra hold true,
that is if F1αβ and F2αβ ∈ F, then
eµναβ(F1αβ + F2αβ) = ˜(F1)µν +
˜(F2)µν ∈ F, (6)
(F1αβ +F2αβ)eαβµν = F1αβeαβµν +F2αβeαβµν ∈ F, (7)
(eαβµνλFµν) = λ(eαβµνFµν) = (eαβµνFµν)λ (8)
for ∀λ ∈ P . We can also determine on the space 〈F,+, ·〉
the functional Φ by the following relationship
Φ(Fµν) ≡ 〈Fµν |Φ〉 = Fµν F˜µν , (9)
and
Φ(F˜µν) ≡
〈
F˜µν |Φ
〉
= F˜µνFµν . (10)
It is clear, that Φ on the space F is linear functional.
Consequently, the sets Φ(Fµν),Φ(F˜µν) of linear function-
als on the space 〈F,+, ·〉 represent themself linear space
〈Φ,+, ·〉 over the field of scalars P , which is dual to space
〈F,+, ·〉. Therefore, we have
〈Φ,+, ·〉 = 〈F×,+, ·〉 . (11)
It is substantional, that F× is not self-dual. Actually, for
example, the vector, which can be built on basis vectors
of space 〈F,+, ·〉 over the field of scalars P with the pro-
jections, which are the vectors of space 〈Φ,+, ·〉 over the
field of scalars P , that is, they are pseudoscalars accord-
ing to definition of functional Φ and consequently cannot
belong to field P . So, the starting vector (which is built
on basis vectors of space 〈F,+, ·〉) will be the vector over
the field of pseudoscalars and cannot belong to space F .
Thus, really the space F× is not self-dual. It means, that
for full physical description of dynamical systems inter-
acting with EM-fied and for description of any physical
phenomena at all, where EM-interaction presents, it is
necessary over the absence of self-duality of the space F×
to take always into consideration both the spaces, that
is 〈F,+, ·〉 and 〈Φ,+, ·〉. More strictly, known Gelfand
triple, including together with spaces F and Φ Hilbert
space has to be taken into account, naturally, if corre-
sponding topology is determined. In the space 〈F,+, ·〉
over the field of scalars P we can choose 2 physically dif-
ferent subspaces 1){Fµν} and 2)
{
F˜µν
}
over the scalar
field P . Analogously can be built the space
〈
F˜ ,+, ·
〉
over the field of pseudoscalars P˜ , in which also two new
subspaces 3){Fµν} and 4)
{
F˜µν
}
over the pseudoscalar
field P˜ can be choosed. The second case differs from the
first case by the following. Symmetry properties of ~E and
~H remain the same, that is, ~E is polar vector, since it is
dual vector to antisymmetric 3D pseudotensor, and ~H,
respectively, is axial. At the same time, the components
of vector ~E correspond now to pure space components of
electromagnetic field pseudotensor F˜µν , the components
of vector ~H correspond to time-space mixed components.
Arbitrary element of the third subspace
αFµν(x1) + βFµν(x2), (12)
where α, β ∈ P˜ and x1, x2 are the points of Minkowski
space, represents itself the 4-pseudotensor. Its spatial
components, which are the components of antisymmet-
ric 3-pseudotensor, determine dual polar vector ~H, while
mixed components are the components of 3-pseudovector
~E. Therefore, the symmetry properties of the compo-
nents of vectors ~E and ~H regarding the improper rota-
tions will be inverse to the case 1. It is evident, that
in the 4-th case the symmetry properties of the compo-
nents of ~E and ~H regarding the improper rotations will
be inverse to the case 2.
Given consideration has clear mathematical and phys-
ical meaning. It means mathematically, in particular,
that if in fixed point of 3D-space the vectors ~E0 and
~H0 have usual transformation properties, that is, they
are polar and axial vectors correspondingly, the fields
(in vector analysis meaning) of these vectors, that is,
the vector-functions, corresponding to given vectors, can
have other symmetry properties. For instance, vector-
functions ~E(x) = ~E0sinx and ~H(x) = ~H0sinx will have
opposite symmetry properties in comparison with ~E0 and
~H0 regarding inversion of x-coordinate. Physically it
means, that interactions of EM-field with the centers,
which are 1D-, 2D-, 3D-extended in 3D-space can be
4quite different between themselwes and especially differ-
ent in comparison with interaction of EM-field with point
centers like to nuclei or electrons.
The main results of presented consideration are the
following.
The sets Φ(Fµν),Φ(F˜µν) of linear functionals on the
space 〈F,+, ·〉 represent themself linear space 〈Φ,+, ·〉
over the field of scalars P , which is dual to space 〈F,+, ·〉,
but it is substantial, that given linear space is not self-
dual. Further, given consideration allows to suggest, that
free EM-field is 4-fold degenerated regarding improper ro-
tations. The interaction with device (or, generally, with
some substance) can relieve degeneracy and can lead, by
interaction with extended centers to unusual symmetry
of field vector-functions. It is also understandable that
spectroscopic transition are not instantaneous, that is the
formation of resonance state: field + matter or in par-
ticular field + device, or field + matter in general case,
which can have very long life time in comparison field
mode period. It means in its turn that correct descrip-
tion of spectroscopic transitions can be achieved the only
in the frames of fully quantum model, in which field and
matter produce two subsystems, possessing equal rights.
Realization of concrete field state (one of 4 possible) will,
evidently, be determined by symmetry characteristics of
EM-field vector-functions in interacting substance. We
suggest also, that by interaction of EM-field with the
matter the elementar charge carrier size, that is electron
size, can be taking into consideration for determination of
concept of lengthy centers. Electron size does not exceed
the value 10−16 cm. Given evaluation follows from the
conclusion on applicability of quantum electrodynamics
theory up to distances 10−16 cm [13]. Therefore, it seems
to be reasonable to suggest, that relatively the electron
size any individual atoms can be considered to be 3D
extended centers. It means, that even in atomic spec-
troscopy for dipole moments and electric field strengths
the corresponding vector-functions have to be used in-
stead usual vectors and their symmetry relatively im-
proper rotations has to be taken into account.
It is also understandable, that, if electric field compo-
nents are components of pseudotensor of EM-field (and
consequently electric dipole moments are also pseudovec-
tors), the equation of dynamics of optical transitions will
have the structure, which is mathematically equivalent
to the structure of the equation for dynamics of mag-
netic resonance transitions (in which magnetic field com-
ponents are parts of genuine tensor Fµν). In other words,
mathematical abstractions in optical Bloch equation be-
come, in agreement with results [1], [4], real physical
meaning, that is really ~E is the part of intracrystalline
and external electric field, which has axial vector symme-
try, ~P is electrical moment, which seems to be built like to
magnetic moment. It seems to be reasonable along with
considered symmetry of EM-field relatively improper ro-
tation, by taking also into account the suggested role of
elementar electromagnetic charge size to be space scaling
factor, to consider in more details the gauge symmetry
of EM-field, which is concerned of charges immediately.
III. ADDITIONAL GAUGE INVARIANCE OF
COMPLEX RELATIVISTIC FIELDS
It is well known, that free EM-field is vector real field,
that is, it cannot be characterized by any real valued
charges. We will argue, that EM-field in the matter can
be considered to be complex field. In given section we
will prove the idea, that for any complex field the con-
served quantity, corresponding to gauge symmetry, that
is charge, can be in general case also complex. Let u(x)
= {ui(x) }, i = 1, n, the set of the functions of some
complex relativistic field, that is, scalar, vector or spinor
field, given in some space of Lorentz group representa-
tions. It is well known, that Lagrange equations for any
complex relativistic field can be represented in the form
of one matrix relativistic differential equation of the first
order in partial derivatives, so called generalized rela-
tivistic equation, and analogous equation for field with
Hermitian conjugated (complex conjugated in the case
of scalar fields) functions u+(x) =
{
u+i (x)
}
. They are
(αµ∂µ + κα0)u(x) = 0
−∂µu+(x)αµ + κu+(x)α0 = 0,
(13)
where αµ, α0 are matrices with constant numbers’ ele-
ments and with dimension, which coincides with dimen-
sion of corresponding space of Lorentz group representa-
tion, realized by {ui(x) }. It is evident, that the trans-
formation
u′(x) = βexp(iα)u(x), (14)
where α, β ∈ R, that is, belong to the set of real numbers,
and analogous transformation for Hermitian conjugate
functions (or complex conjugate functions in the case of
scalar fields)
u′+(x) = βexp(−iα)u+(x) (15)
keep Lagrange equations (13) to be invariant. So, we
have gauge transformation of field functions, which is
more general in comparison with usually used. The set
(βexp(−iα) for all possible α, β ∈ R produces the group
Γ, which is direct product of known symmetry group, let
designate it by A and multiplicative group R of all real
numbers (without zero). Therefore, in the case consid-
ered the symmetry group of given complex field asquires
additional parameter. So, we will have
Γ(α, β) = A(α)⊗R(β) (16)
Let us find the irreducible representations of the group
R(β). It has to be taken into account, that the group
R(β) is abelian group and its irreducible representations
T (R) are onedimensional. So, the mapping
T : R→ T (R) (17)
5is isomorphism, where T (1) = 1. Therefore, for ∀(β, γ) of
pair of elements of group R(β) the following relationship
takes place
T (β, γ) = T (β)T (γ). (18)
Then, it is easy to show, that
T (β) = β
∂T
∂γ (1). (19)
The value ∂T∂γ (1) can be obtained from the condition
T (−β) = −T (β). (20)
Finally, we have
T (β) = β2k+1 = exp[(2k + 1)lnβ], (21)
where k ∈ N . It is evident, that irreducible representa-
tions of the group Γ(α, β) can easy be built, since they
are direct product of irreducible representations of the
groups A(α) and R(β), that is, they can be represented
in the following form
T (A(α))⊗ T (R(β)) = exp(−imα)exp[(2k + 1)lnβ],
(22)
where m, k = 0,±1,±2, ... . It is clear, that some con-
served quantity has to correspond to gauge symmetry of
the field, which is determined by the group R(β). Re-
ally, since generalized relativistic equations are invariant
relatively transfomations (14, 15) and variation of action
integral with starting Lagrangian is equal to zero, then
variation of action integral with transformed Lagrangian
will also be zero. Consequently, all the conditions of ap-
plicability of Noeter theorem are held true. According
to Noeter theorem, the conserved quantity, correspond-
ing to ν − th parameter (ν = 1, k) by invariance of field
under some k-parametric symmetry group, is
Qν(σ) =
∫
(σ)
θµνdσµ = const, (23)
where
θµν =
∂L
∂(∂µui)
[∂ρuiXρν − Yiν ]− LXµν , (24)
L is field Lagrangian, σ is any spacelike hypersurface.
The matrices Xρν ,Yiν are determined by matrix repre-
sentations ‖(Iν)µ ν‖ and ‖(Jν)ik‖ of infinitesimal opera-
tors of symmetry group in coordinate space and in the
space of field functions respectively in accordance with
the following relationships
Xρν = (Iν)µαxα, Yiν = (Jν)ikuk. (25)
So, using Noeter theorem, we obtain for 4-vector θµ the
following expression
θµ = − ∂L
∂(∂µui)
ui − ∂L
∂(∂µu∗i )
u∗i , (26)
Components of 4-vector θµ satisfy to continuity equation
∂µθµ = 0. (27)
Conserving quantity, corresponding to (26), then is
Q
′
2 = iQ2 = −i
∫
θ4d
3x. (28)
So iQ2 is
iQ2 = i
∫
[
∂L
∂(∂µui)
ui +
∂L
∂(∂µu∗i )
u∗i ]d
3x. (29)
It seems to be evident, that the nature of additional
conserved quantity is determined by the type of symme-
try. It is clear, that to the additional gauge symmetry
will correspond the additional charge. It is seen, that
this charge is purely imaginary quantity. Known con-
served quantity for any complex field, for instance, for
Dirac field, which is consequence of the invariance of
field Lagrange equations regarding the transformations
u′(x) = exp(iα) and u(x)u′+(x) = exp(−iα)u+(x) is well
known electric charge QE [14]. In general case known
conserved part of charge Q1 [14] is
Q1 = −
∫
[
∂L
∂(∂µui)
ui − ∂L
∂(∂µu∗i )
u∗i ]d
3x. (30)
It is real quantity. So, any complex field can be charac-
terized by complex conserving quantity Q, which can be
called complex charge
Q = Q1 + iQ2. (31)
IV. DISCUSSION AND CONCLUSIONS
The presence of complex charge means that 4-vector of
current jµ for any complex field is complex vector. In its
turn, it means, that independently on starting origin of
the charges and currents in the matter [they can be result
of presence of Dirac field or another complex field] all the
characteristics of EM-field in the matter have also to be
complex-valued. Given conclusion follows from Maxwell
equations, which describe EM-field in the matter and
which agree with experimental results well. Therefore,
in fact the field of application of Maxwell equations is
extended. It means also, that dual electrodynamics, de-
veloped by Tomilchick and co-authors, see for instance
[15], obtains additional ground. Based field equations in
dual electrodynamics [15] will be isomorphic to Maxwell
equations in complex form. From given isomorphism fol-
lows, that iQ2-component of charge is so called magnetic
charge, that is, iQ2 = iQH . Therefore, in the case of
EM-field in the matter we will have for full charge the
expression
Q = QE + iQH . (32)
6Full charge Q for EM-field in the matter can be called
EM-charge. It is clear, that in the case of EM-field in
the matter the gauge symmetry group Γ(α, β) can be
represented
Γ(α, β) = U1(α)⊗G(β), (33)
where U1(α) is well known abelian unitary group. It is
evident, that in the case of free EM-field
Qf = iQH . (34)
The same conclusions are qualitatively held true for
quantized fields. It means in particular, that free EM-
field quantum, that is photon, possesses by charge, which
is imagine. It becomes now physically understandable
rather effective interaction of given relativistic particles
with matter. Really it is difficult to expect, that the par-
ticles with zero rest mass and zero charge can effective
interact with matter. Nevetheleess given obvious con-
tradiction with experiment does not even discuss in the
physical literature (to our knowledge). It becomes also
understandable the mechanism of appearance of real part
of charge for EM-field in the matter. The velocity v of
EM-field propagation in the matter is less in comparison
with the velocity c in vacuum. Consequently hyperbolic
rotation of coordinate system takes place, which corre-
sponds to appearance of real component of the charge.
The conception of complex characteristics of EM-field in
the matter agrees well with all practice of electric circuits’
calculation. The formal, but very fruitfull mathemati-
cal method for electric circuits’ calculation, which uses
all complex electric characteristics, see for example [17],
becomes now natural explanation. It is understandable,
that iQH cannot be registered in usual conditions in con-
sequence of its imaginary nature. At the same time, if the
interaction, like to exchange interaction, is determined by
product of two magnetic charges, they can be registered,
for instance, by electric spin wave resonance (ESWR).
ESWR was detected experimentally in both ferroelectric
(F) and antiferroelectric (AF) cases (see Sec.1) and the
work on its more detailed theoretical description is in the
progress. At present we can report, that ESW RF and
AF EWR.-states description in accordance with [5] can
be based in the limits, corresponding to the extended
models, represented in its ground in [2] and being to be
the model, developed at present (in press). They both
can be very powerfull in comparison with any state /-
analysing methods (in the meaning of the detection of
interaction between the local centers). We can also add,
that conclusion, that EM-field in the matter is complex
field opens new possibilities for better understanding for
a number of phenomena like to corposants with the aim
of its practical use for direct receive of electric energy.
Let us discuss also the results of Sec.2. Since compo-
nents of 4-vector Aµ of EM-field potentials in the matter
have to transform by Lorentz group representations, at
that by general Lorentz group in general case, we will
have 4 possibilities for symmetries of EM-field tensor
and its components relatively improper rotations. Re-
ally, let components of 4-vector Aµ transform according
to the representation D(L(+)+ ) of proper Lorentz group
L
(+)
+ , coresponding to proper orthochronous transfor-
mations, then in the case of improper orthochronous
transformations L(+)− , proper nonorthochronous L
(−)
+ ,
improper nonorthochronous L(−)− transformations of gen-
eral Lorentz group L [16] 4-vector Aµ will transform cor-
respondingly according to direct product of representa-
tions
D(L(+)+ )⊗D(P ),
D(L(+)+ )⊗D(P
′
),
D(L(+)+ )⊗D(P )⊗D(P
′
),
(35)
whereD(P ) is the representation of space inversion group
P , D(P
′
) is the representation of time inversion group P
′
,
which are subgroups of general Lorentz group L. There-
fore, 4-vector Aµ of EM-field along with known polar
t-even 4-vector can also be axial t-even, polar t-uneven
and axial t-uneven 4-vector. It corresponds under the
conclusion in Sec.2 to 4 types of EM-field tensors, that
is, in other words to partition of linear space 〈F,+, ·〉
over the field of genuine scalars and pseudoscalars, the
vectors in which are sets of contravariant and covariant
electromagnetic field tensors and pseudotensors {Fµν},{
F˜µν
}
, {Fµν},
{
F˜µν
}
, on 4 subspaces.
Let us define the complex-valued function Q(~r, t) =
Q1(~r, t) + iQ2(~r, t) of 2 variables ~r and t, where ~r is
variable 3D-hypersurface of Minkowski space, ~r ∈ R3,
t ∈ (0,∞) is time. Then the follwing theorem takes place.
Theorem
Let Q1(~r, t), which is determined by
Q1(~r, t) = −
∫
~r
∂L(t, ~r′)
∂
(
∂ui
∂x4
) ui − ∂L(t, ~r′)
∂
(
∂u∗i
∂x4
)u∗i
 d~r′ (36)
and Q2(~r, t), which is determined analogously, taking
into account relationship (29), be continuous functions
of both the variables in the range of its definition. Then
the complex function Q(~r, t) will be analytical function
in complex ”plane” of variables ~r and t.
To prove the theorem, it is sufficient to show, that
ReQ(~r, t) and ImQ(~r, t) of the function Q(~r, t) =
Q1(~r, t) + iQ2(~r, t) are satysfying to Cauchy-Riemann
conditions, that is the following relations take place
∂Q1(~r, t)
∂~r
=
∂Q2(~r, t)
∂t
, (37)
∂Q1(~r, t)
∂t
= −∂Q2(~r, t)
∂~r
. (38)
Let us solve (37) and (38) relative to Q2(~r, t) (the quan-
tity Q1(~r, t) is considered to be given). It is apparent,
that
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∂~r
= −
∂L(t, ~r′)
∂
(
∂ui
∂x4
) ui − ∂L(t, ~r′)
∂
(
∂u∗i
∂x4
)u∗i
∣∣∣∣∣∣
~r
=
∂Q2(~r, t)
∂t
.
(39)
Consequently Q2(~r, t) is
Q2(~r, t) = −
∫
(t)
∂L(~r, t′)
∂
(
∂ui
∂x4
) ui − ∂L(~r, t′)
∂
(
∂u∗i
∂x4
)u∗i
 dt′ + f(~r).
(40)
Then, using the relationship (38), we obtain
∂Q2(~r, t)
∂~r
= − ∂
∂~r
∫
(t)
∂L(~r, t′)
∂
(
∂ui
∂x4
) ui − ∂L(~r, t′)
∂
(
∂u∗i
∂x4
)u∗i
 dt′
+
df(~r)
d~r
= −∂Q1(~r, t)
∂t
=
∂
∂t
∫
~r
∂L(t′, ~r′)
∂
(
∂ui
∂x4
) ui − ∂L(t′, ~r′)
∂
(
∂u∗i
∂x4
) u∗i
 d~r′.(41)
Hence follows the equation for determination of f(~r)
df(~r)
d~r
=
∂
∂~r
∫
(t)
∂L(~r, t′)
∂
(
∂ui
∂x4
) ui − ∂L(~r, t′)
∂
(
∂u∗i
∂x4
)u∗i
 dt′
+
∂
∂t
∫
~r
∂L(t, ~r′)
∂
(
∂ui
∂x4
) ui − ∂L(t, ~r′)
∂
(
∂u∗i
∂x4
)u∗i
 d~r′.
(42)
So we have
f(~r) =
∫
(t)
 ∂L(~r, t)
∂
(
∂ui
∂x4
)ui − ∂L(~r, t)
∂
(
∂u∗i
∂x4
)u∗i
 dt′
+
∫
~r
 ∂∂t
∫
~r′′
∂L(~r, t′)
∂
(
∂ui
∂x4
) ui − ∂L(~r, t′)
∂
(
∂u∗i
∂x4
)u∗i
 d~r′
 d~r′′.
(43)
Consequently
Q2(~r, t) =
∫
~r
 ∂∂t
∫
~r′′
 ∂L(~r, t)
∂
(
∂ui
∂x4
)ui − ∂L(~r, t)
∂
(
∂u∗i
∂x4
)u∗i
 d~r′
 d~r′′
= −
∫
~r
∂Q1(~r′′, t)
∂t
d~r′′.
Then, in suggestion, that dynamic system studied is au-
tonomous, that is L(~r, t) = L(~r), we will have
Q2(~r, t) =
∫
~r
 ∂L(~r′′)
∂
(
∂ui
∂x4
) ∂ui
∂t
− ∂L(~r
′′)
∂
(
∂u∗i
∂x4
) ∂u∗i
∂t
 d~r′′. (44)
Further, taking into account, that general solution of gen-
eral relativistic equation is superposition of monochro-
matic plane waves, which have the view ui(t) ∼ e−i E~ t, in
the simplest case of one plane wave we obtain
Q2(~r, t) = −iE~
∫
~r
 ∂L(~r′)
∂
(
∂ui
∂x4
)ui(~r′, t)
+
∂L(~r′′)
∂
(
∂u∗i
∂x4
)u∗i (~r′, t)
 d~r′.
(45)
When making a transformation of variable t → ict = x4
we finally have
Q2(~r, x4) =
E
~c
∫
~r
 ∂L(~r′)
∂
(
∂ui
∂x4
)ui(~r′, x4)
+
∂L(~r′)
∂
(
∂u∗i
∂x4
)u∗i (~r′, x4)
 d~r′.
(46)
We see, that relationships (29) and (46) are coinciding to
scaling factor. They will coincide fully, if to make a trans-
formation of parameter β → β′ = β E~c . The theorem is
proved. Given theorem can be considered to be example
of independent obtaining of some physical quantities in
complex fields.
Therefore, it has been established the partition of lin-
ear space 〈F,+, ·〉 over the field of genuine scalars and
pseudoscalars, the vectors in which are sets of contravari-
ant and covariant EM-field tensors and pseudotensors
{Fµν},
{
F˜µν
}
, {Fµν},
{
F˜µν
}
, on 4 subspaces. It cor-
responds to appearance of 4 kinds of EM-field potential
4-vectors Aµ, which transform according to representa-
tions of general Lorentz group with various symmetry
relatively improper rotations.
It was found, that the sets Φ(Fµν),Φ(F˜µν) of linear
functionals on the space 〈F,+, ·〉 represent themself linear
space 〈Φ,+, ·〉 over the field of scalars P , which is dual to
space 〈F,+, ·〉. it is substantial, that given linear space
is not self-dual.
Additional gauge invariance of complex relativistic
fields was studied. It has been found, that conserving
quantity, corresponding to invariance of generalized rela-
tivistic equations relatively the operations of multiplica-
tive groupR of all real numbers (without zero) is imagine
charge. So it was shown, that complex fields are charac-
terized by complex charges. The irreducible representa-
tions of the group R have been found.
It is argued, that EM-field in the matter is complex
field and that two-parametric group Γ(α, β) = U1(α) ⊗
R(β), where R(β) is abelian multiplicative group of real
numbers (excluding zero), determines the gauge symme-
try of EM-field. It is also argued, that free EM-field is
characterized by pure imagine charge. We believe, that
all the conclusions relatively additional gauge invariance
8are held also true for neutrino field in the case of weak
couplings. The theorem on analicity of complex-valued
function Q(~r, t) = Q1(~r, t)+ iQ2(~r, t) of 2 variables ~r and
t is proved.
The results obtained agree well with experimental and
previous theoretical data, reviewed shortly in Sec.1.
Aknowledgement
Authors are grateful to Y.Yerchak for discussions and
the help in the work.
[1] Yearchuck D, Yerchak Y, Red’kov V, Doklady NANB,
51, N 5, (2007) 57 - 64
[2] Landau L.D, Lifshitz E.M, Physikalische Zeitschrift die
Sowjet Union, 8, (1935) 153 - 169
[3] A.Abragam, Nuclear Magnetism, M., Iz.In.Lit., 1963,
553
[4] Yearchuck D, Yerchak Y, Kirilenko A, Popechits V, Dok-
lady NANB, 52, N 1, (2008) 48 - 53
[5] Yearchuck D, Yerchak Y, Alexandrov A, Phys.Lett.A,
373,(2009) 489 - 495
[6] Dirac P.A M, Proceedigs of the Royal Society, 117A
(1928) 610-624
[7] Akhiezer A.I, Berestetskii V.B, Quantum electrodYnam-
ics, M., Nauka, 1969, 623
[8] Ertchak D.P, Kudryavtsev Yu.P, Guseva M.B, Alexan-
drov A.F et al, J.Physics: Condensed Matter, 11, N3
(1999) 855 - 870
[9] Ertchak D.P, In ”Carbyne and Carbynoid Structures”,
pp 357-369, Dordrecht, Boston, London, Edited by
Heimann R.B, Evsyukov S.E, Kavan L, 1999, 446 pp
[10] Landau L.D, Lifshitz E.M, Field Theory, M., Nauka, 504
[11] Stephani H, Relativity. An Introduction to Special and
General Relativity, 2004, Cambridge University Press,
395
[12] Rashevskii P K, Riemann Geometry and Tensor Analy-
sis, 2003, M., Editorial URSS, 664
[13] Physical Encyclopedia,(ed.in-Chief Prokchorov A.M) v.5,
p.540 - 545, M.,1998, 688
[14] Bogush A A, Moroz L G, Introduction to the Theory of
Classical Fields, M., Editorial URSS, 2004, 384
[15] Strazhev V.I, Tomilchick L.M, Electrodynamics with
magnetic charge, Minsk, Nauka i technika, 1975, 336
[16] Fedorov F.I, Lorentz group, M., Nauka, 1979, 384
[17] Andre Angot, Complements de Mathematiques, Paris,
1957, 778
